Abstract. For contact manifolds ðM; hÞ a complexification M c is constructed to which the contact form h extends such that the exterior derivative of the extended form is Kählerian. In the case of a proper action of an extendable Lie group this construction is realized in an equivariant way. In a simultaneous stratification of M and M c according to the isotropy type, it is shown that the Kählerian reduction of the complexification can be seen as the complexification of the contact reduction. For this, the complexification is constructed as a stratified space.
Introduction
Manifolds with additional structure can sometimes be understood better if the structure extends to a complexification of the manifold. By a result of Whitney ([Wh1] ) and Shutrick ([Sh] ) a di¤erentiable manifold M can be embedded as a closed, real analytic and totally real submanifold of a complex manifold M c with the dimension dim C M c ¼ dim R M. Using his solution of the Levi problem Grauert ([Gr] ) proved that the complexification M c can be realized as a Stein manifold, in particular, it can be holomorphically and properly embedded in some C N . During the last two decades, complexifications of real manifolds with additional structure achieved some attention. An equivariant version for proper actions has been shown in [H2] . Stratmann ([St] ) considers proper actions of Lie groups G on symplectic manifolds ðM; oÞ and shows that there is a Stein complexification M c of M with a G-invariant Kähler form t such that o ¼ i
In this paper a similar extension result is shown for 1-forms. Contact manifolds ðM; hÞ on which a Lie group G acts properly by contact transformations are of particular interest. As a general assumption in this work the Lie group G has finitely many connected components, is extendable, i.e., the natural homomorphism G ! G C is injective, and is acting properly on M as a group of di¤eomorphisms. In Section 2 an equivariant complexification i M : M ,! M c such that G acts on M c properly by holomorphic transformations and a strictly plurisubharmonic, G-invariant function % : M c ! R are constructed with the property that h ¼ i Ã M ðd c %Þ: For this, a slice construction for M ¼ G Â K S, K maximal compact in G, is used to construct a complexification M c of M by a complexification G C Â S C of G Â S:
The interplay of complexifications and contact reductions and Kählerian reductions is discussed in the remaining section. Roughly speaking, the complexifications of contact reductions of a G-contact manifold ðM; hÞ can be seen as the Kählerian reduction of the complexification. This main result of the paper is formulated in Theorem 3.10. It is proved by using a simultaneous stratification of both the contact manifold and its complexification.
Extension of forms
Let G be an extendable Lie group. Let M be a real analytic G-manifold with a 1-form h. In this section the form is extended to a complexification M c of M. This is done equivariantly for groups acting on M and leaving h invariant.
2.1. Equivariant extensions in the case of compact groups. Let K be a compact transformation group and let M be a K-manifold with a K-invariant 1-form h. In the following, an equivariant complexification M c of M is constructed to which h is extended equivariantly.
Proposition 2.1. Let K be a compact Lie group, M a K-manifold and h be a K-invariant 1-form. Then there are a K-equivariant complexification M c of M and a K-invariant strictly plurisubharmonic function % :
Proof. First, the local situation without the presence of symmetries is considered. By a theorem of Whitney ([Wh2] , Theorem 1) M can be given an atlas with a real analytic structure. It can also be assumed that the action map K Â M ! M is real analytic ( [MS] ). Let X be a complexification of M such that i M : M ,! X is a real analytic, closed embedding ( [WhB] ). It can be assumed that X is a Stein manifold ( [Gr] ). Let ðU a ; j a Þ a A I be an atlas of real analytic charts j a : U a ! j a ðU a Þ H R n . Every map j 
n . There are uniquely defined smooth functions f 1 ; . . . ; f n : U a ! R such that
satisfies % a j U a Âf0g 1 0 and this implies that 
for the embedding i U a : U a ,! W a . After shrinking and refining there is an atlas
c with a partition of unity ðw b Þ b A J . Since every V b H W að bÞ for some aðbÞ, it is possible to define % b :¼ % að bÞ j V b . Property (1) implies that for the case that M X V b is non-empty,
Define now for every function % b the smooth functions
ÞðxÞ, is well-defined by local finiteness and is smooth, too. Property (2) implies
Possibly after shrinking M c there is a strictly plurisubharmonic function n : M c ! R with the property i
2. Equivariant extensions for the case of proper actions. An extendable Lie group is characterized by the injectivity of the canonical G-equivariant homomorphism i G : G ! G C , where G C is the universal complexification. The aim of this subsection is the following result.
Theorem 2.2. Let G be an extendable Lie group with finitely many connected components that acts properly on a manifold M and let K be a maximal compact subgroup of G. Let h be a smooth G-invariant 1-form on M. The slice S H M is embedded in a Stein
is the canonical projection onto the geometric quotient. There is a real analytic structure on M G G Â K S such that the action map G Â M ! M, the slice S and the K-action on S may be assumed to be real analytic ( [I] , [Ku] ). In [HHK] , Section 7, Proposition 4, 4 0 and 5, a complexification of G Â K S is constructed with the help of a G-complexification G c of G and a K-complexification S c of S as the quotient G c Â S c @K. In this quotient two points p 1 and p 2 are identified if and only if f ðp 1 Þ ¼ f ðp 2 Þ for every K-invariant holomorphic function f . Since G is assumed to be extendable here, a G-complexification can be realized as a G C -manifold as in [HHK] . The proof is included here for the readers' convenience.
Proposition 2.3. Let an extendable Lie group G act properly and real analytically on a manifold
Proof. The slice S can be K-equivariantly complexified in a Stein
, Section 6.6). Since G is extendable, it can be complexified G-equivariantly to a
c can be G-equivariantly, holomorphically and openly embedded in a neighborhood of M in M C ( [HHK] , Corollary 7). r
Following the notation introduced above, we consider a proper and real analytic action on M. Then M ¼ G Â K S. Let h be a G-invariant smooth 1-form on M. Denote by p G : G Â S ! G and p S : G Â S ! S the projections on the first and on the second factor, respectively. Proposition 2.4. Let h be a G-invariant, smooth 1-form on G Â K S and b 1 ; . . . ; b n be a basis of G-right-invariant 1-forms on G. Then there are smooth functions f 1 ; . . . ; f n : S ! R and a K-invariant 1-form s S on S such that
where
Proof. The form p
It follows that
This implies that there are smooth functionsf f 1 ; . . . ;f f n on G Â S such that
Comparing coe‰cients implies that there are smooth functions f 1 ; . . . ; f n on S such that
Proposition 2.1 implies that there is a K-invariant strictly plurisubharmonic function
Assume that the situation is arranged as in Proposition 2.3. Let S c be openly and K-equivariantly embedded in a K C -manifold S C and let G c be a Stein G-complexification of G which is G-equivariantly and openly embedded in G C . In the next proposition, G Â Kinvariant 1-forms on G Â S are going to be extended equivariantly to
Proof. Let b 1 ; . . . ; b n be a basis of G-invariant 1-forms on G and f 1 ; . . . ; f n A C y ðSÞ and p
S ðs S Þ be as above in Proposition 2.4. Let G c be a Stein complexification of G which is G-equivariant with respect to left G-multiplication. Shrinking G c if necessary, Lemma 3.3 in [St] and Theorem 1 in [Wi] imply that there are
ðh; sÞ 7 ! F 1 ðsÞ% 1 ðhÞ þ Á Á Á þ F n ðsÞ% n ðhÞ;
Now, the property % j j G 1 0 implies
After shrinking S c Proposition 2.1 shows that there is a strictly plurisubharmonic
A 'partition of unity' argument, worked out in Lemma 3.10 in [St] , shows that % can be assumed both G Â Kinvariant and strictly plurisubharmonic. r
Recall the original goal to extend a G-invariant 1-form h to an equivariant complexification of G Â K S. This will be achieved with the help of Kählerian reduction of G c Â S c with respect to the freely acting compact group K. Details on the momentum map geometry and on Kählerian reduction can be found e.g. in [H1] , [HL] , [Sj] . The basic properties needed here are mentioned briefly in the remaining section.
Let ðW; oÞ be a Kähler manifold and let L be a Lie group which acts symplectically and by holomorphic transformations on W, i.e.,
where Proposition 2.6. Let L act freely and properly by holomorphic and symplectic transformations on a Kähler manifold ðW; oÞ. Assume that the action is Hamiltonian with moment map m : W ! LieðLÞ Ã . Let W ,! X be openly, holomorphically and L-equivariantly embedded in a complex L C -manifold X on which L C acts freely such that X =L C is a smooth complex manifold and p L C : X ! X =L C a submersion. Then the map
is a local di¤eomorphism and defines a unique complex structure on m À1 ð0Þ=L such that k is a locally biholomorphic map of complex manifolds. 
In the commutative diagram
the maps p m À1 ð0Þ : m À1 ð0Þ ! m À1 ð0Þ=L and p L C : X ! X =L C are submersions with kernels kerðDp m À1 ð0Þ ÞðxÞ ¼ T x ðL Á xÞ and kerðDp
Proof. First, it has to be shown that G Â S H m À1 ð0Þ. For this, the following calculation proves that for every z A LieðKÞ and every ðg; sÞ A G Â S,
Since K acts freely and commutes with the G-action, m À1 ð0Þ=K is a G-manifold and, by Proposition 2.6, obtains a complex structure by the map
which is a local di¤eomorphism. Since the restriction kj GÂ K S defines a real analytic, G-equivariant isomorphism between two copies of G Â K S in m À1 ð0Þ=K and in 
is defined for the K-action on W. For the existence of the following quotients, note that the relevant groups K and K C , respectively, act freely. Thanks to Proposition 2.7 the diagram 
The strictly plurisubharmonic function % red on m À1 ð0Þ=K has the property that
To see this, consider the following commutative diagram: 
Proof. There is a complexification M c of M and a strictly plurisubharmonic function
ðm; zÞ 7 ! e ReðzÞ Á % M ðmÞ;
has the property ðd c %Þ ¼
If n : M c ! R is a strictly plurisubharmonic function with the property i ðm; zÞ 7 ! nðzÞ þ jzj 2 ;
and to % to obtain a strictly plurisubharmonic function % :
Proposition 2.8 also has an equivariant version:
Corollary 2.9. If G Â M ! M is a proper G-action, there is a proper extension to M c : The trivial extension to an action on M c Â C defines equivariant embeddings
such that % : W ! R can be chosen to be strictly plurisubharmonic and G-invariant on
Proof. It has just to be observed that in the proof of Proposition 2.8 the function % M : M c ! R can be chosen to be G-invariant by Theorem 2.2 and as a strictly plurisubharmonic function. r Proof. This is a consequence of Proposition 2.8 because for a strictly plurisubharmonic function % : Remark. Similarly to the equivariant statement in Corollary 2.9, an equivariant version of Corollary 2.10 can be formulated.
Compatibility of reductions
In this section, the compatibility of the complexification with reductions by symmetries is discussed. Roughly speaking, the guiding question is whether the Kählerian reduction of a complexification of a contact manifold can be regarded as the complexification of the contact reduction.
Throughout this section ðM; hÞ is assumed to be a contact manifold on which an extendable Lie group G with finitely many connected components acts properly by contact transformations, i.e., by leaving h invariant. if the Lie group acts freely, the reduced spaces are manifolds, and complexifications and reductions are shown to be compatible in Proposition 3.3, Corollary 3.4, Proposition 3.5 and Proposition 3.6. Finally, a stratification of the momentum zero levels allows to apply the previous results to every stratum. This is proved in the remaining section. The main result is formulated in Theorem 3.10. This can be used to obtain another definition of contact reductions. Proposition 3.12 provides a definition of contact reductions involving complexifications.
3.1. Compatibility of moment maps. Under the assumptions stated at the beginning of the section, there exists a moment map on the contact manifold
; and a moment map on the Kähler manifold
The relation h ¼ i are all G-equivariant. Assume that the Lie subgroup L of G acts freely (and properly) on the contact manifold ðM; hÞ and leaves h invariant. In the following proposition it is shown that in the setting of this work, the restriction m M c j M CR can be regarded as the Cauchy-Riemann moment map defined in [L1] . This involves the natural projection 
for every x A LieðLÞ.
3.2. Cauchy-Riemann, contact and Kählerian reductions. It will be shown later that the reduction along suitable strata of orbit types can be described by quotients of free actions on certain submanifolds. This is why in this subsection, the case of a freely acting Lie group L is considered. The properties Contact and Kählerian reduction. Now the connection between the contact reduction of M and the Kählerian reduction of M c with respect to a freely and properly acting group L is studied. The situation for the embedding of M in M c can be summarized in the following diagram:
Note that Proposition 2.6 shows that for this case described here, ðm M c Þ À1 ð0Þ=L is a complex manifold and the function % red , defined by 
. The desired result follows from the identity The following proposition summarizes the results on the compatibility of the respective reductions. Proof. Let V be the complex vector subspace in T x 0 M c , which is the complement with respect to the Kählerian metric of the local G C -orbit through x 0 . There is a G-invariant neighborhood Uðx 0 Þ of x 0 which is openly and G-equivariantly embedded in the complex G C -manifold G C Â H C V ; see [HK] , [K] . 
Finally 
